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About me…
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Self Proclaimed: Selfie Expert!



THOUGHTS:

WHICH ONE?
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Research…
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More Research
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Three goals for us today…

1. We will do Maths.

2. We will consider Mathematical Development.

3. You will leave here knowing how funny I am.

(Cause I am – funny. Just sayin’)
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Understanding Students’ Mathematical Development: 
Let’s Do This!

Agenda:
› Introduction: Mathematical Development – How does this really work?
› Warm Up.
› Numbers are complicated! How do students construct meaning with numbers?
› Support for Students: Let’s learn some maths!
› Five Tasks to Do.
› Three Activities for Class on Monday.
› Closing.
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Welcome & Thank you for coming!

Kerby Rosanes
https://kerbyrosanes.com/geometric-beasts
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Warm Up:
The answer is…2023.

A. What is one question?
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Howie Hua
@howie_hua
howiehua.wordpress.com

https://t.co/h9KyMzzdyF


Warm Up:
The answer is…2023.

B. What is the prime factorization of 2023?
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Warm Up:
The answer is…2023.

B. What is the prime factorization of 2023?
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Warm Up:
The answer is…2023.

C. How can you use the set of numbers from 1 to 10 and 
mathematical operations to get 2023?
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Warm Up:
The answer is…2023.

C. How can you use the set of numbers from 1 to 10 and 
mathematical operations to get 2023?

Solution to this challenge at the end of the session!
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The questions we ask – matter!
Example (Jo Boaler):

1. Find the area of the rectangle:

Versus

2. Find all rectangles with area 48 inches squared.

How does question #2 differ from question #1?
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I learned to ask better questions…
My parents…
Bob and Gale!
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Sometimes we really need to know, before we go!

MINDY ADAIR, PH.D. 16



Learning versus Performance Opportunities
Perhaps we consider:

1. Give a student a problem with the answer.

Ask: “What is the process/thinking needed to get that answer?”

2. Rather than asking: “Does anyone have a question?”

Ask: “Think of one question that someone in the room might ask.”
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Performance versus Learning Opportunities

PERFORMANCE
• Math Fact Mad Minutes
• Quizzes & Tests
• Mass Practice
• Standardized Tests

LEARNING
§ Tasks
§ Number Talks
§ Conversations
§ Interleaving Instruction

§ Fractions, Decimals, and 
Percentages (Not Blocking)
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Bjork, Elizabeth & Bjork, Robert. (2011). Making things hard on 
yourself, but in a good way: Creating desirable difficulties to enhance 
learning. Psychology and the Real World: Essays Illustrating 
Fundamental Contributions to Society. 56-64.



Warm Up: How Many? How did you count? 
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We can can access 
and insight into 
student thinking with 
these kinds of learning 
opportunities!



Task #1: 
What do you notice? What do you wonder?
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Reflection – in your journal:
1. What is maths?
2. Why do we need maths?
3. How is maths important to:

a) Students?
b) Schools?
c) Societies?
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Mathematics – what is it?
@DrEugeniaCheng

“Math has an image problem.

Many people are put off by it in school and end 

up as adults either hating it, being afraid of it, 

or defensively boasting about how bad they are 

at it or how irrelevant it is anyway.”

Cheng, E. (2022). The Joy of Abstraction: An Exploration of Math, Category 

Theory, and Life. Cambridge: Cambridge University Press. P. 2

MINDY ADAIR, PH.D. 22



The Status of Mathematics:
“I think there are broadly three reasons math education is important:

1. As a foundation for further study in mathematical fields.

2. For direct usefulness in life.

3. To develop a particular way of thinking.”

Cheng, E. (2022). The Joy of Abstraction: An Exploration of Math, Category Theory, and Life. Cambridge: Cambridge 
University Press. P. 2
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The Status of Mathematics:
“I think there are broadly three reasons math education is important:
1. As a foundation for further study in mathematical fields.
This is not relevant for many people.

2. For direct usefulness in life.
Focusing on arithmetic without calculators is not ideal. Having some 
quantitative literacy is important – mortgages, interest rates, taxes.

3. To develop a particular way of thinking.
Making connections between diverse situations is empowering.
Cheng, E. (2022). The Joy of Abstraction: An Exploration of Math, Category Theory, and Life. Cambridge: Cambridge University 
Press. P. 2
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Mathematics – what is it?
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Mathematics – what is it?
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NCTM Content Standards
1. Numbers and 

Operations
2. Algebra
3. Geometry
4. Measurement
5. Data Analysis and 

Probability
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Task #2:
Task: Divide the square into four equal parts…as many ways as you can.
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Task #2:
Task: Divide the square into four equal parts…as many ways as you can.
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What is interesting about this task?

How is this task accessible to all students?

LFHC = Low Floor High Ceiling Tasks…
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What are numbers?

MINDY ADAIR, PH.D. 31



Numeric Learning Trajectory
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Douglas H. Clements, J. S. (2009). Learning and Teaching Early Math - The Learning Trajectories Approach. New York: Routledge.



Reading and Mathematics Connected
Literacy and Numeracy – Developmental Parallels…
• “In reading one needs to focus on the phonemes (units of 

sound) in a word; in math one needs to see cluster of 
objects in the mind’s eye.”

The Routledge International Handbook of 
Dyscalculia and Mathematical Learning 
Difficulties. (2015).  (S. Chinn Ed. First ed.). 
New York, NY: Routledge (p. 281)
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Symbols, Numerical Representation

1. Analogue Magnitude - Independent of Language

2. Written Words: Three

3. Arabic Numerals: 3

Fritz, A., Haase, V. G., & Räsänen, P. (2019). International Handbook of Mathematical Learning Difficulties From the Laboratory to the 
Classroom: From the Laboratory to the Classroom. (p. 9)
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Number Sense and Numeracy
“The ability to make sense of numbers and to use them 
effectively in real life situations. The basis of numeracy is 
number sense: understanding what numbers represent and 
how they can be used to solve problems.”
Jane Emerson, P. B. (2015). Understanding Dyscalculia and Numeracy Difficulties: A Guide for Parents, 
Teachers and Other Professionals (First ed.) (p 35).
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Basic Numeracy Skills
“Basic numerical thinking requires the following 
knowledge and skills.”
• Counting – accurately and flexibly
• Understanding Number Relationships
• Understanding Place Value
• Calculation – Problem Solving that involves processing #s

Jane Emerson, P. B. (2015). Understanding Dyscalculia and Numeracy Difficulties: A Guide for Parents, 
Teachers and Other Professionals (First ed.) (p 36).
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Basic Numeracy Skills
“Basic numerical thinking requires the following 
knowledge and skills.”
• Knowing Key Facts
• Generalizing from Know Facts – to Derive New Facts
• Understanding difference between Counting numbers and 
Measuring numbers

• Numerical Thinking – Logical Reasoning to Analyze 
Numerical Information

Jane Emerson, P. B. (2015). Understanding Dyscalculia and Numeracy Difficulties: A Guide for Parents, 
Teachers and Other Professionals (First ed.) (p 36).
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Task # 3 - Which One Doesn’t Belong? 
https://wodb.ca/
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Low Floor High Ceiling Tasks…

• Allow accessibility for all students.
• Are engaging to experience.
• Extend to high levels that promotes deep thinking.
• Confirm that the problem is more important than the answer.
• Lead to rich (mathematical) discourse.
• Allow for differentiation based on interest, learning profile, 

readiness level.

Youcubed: https://www.youcubed.org/tasks/
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https://www.youcubed.org/tasks/


Informal Example: Low Floor High Ceiling Tasks…
What Makes a Good Task?

1.Non-Routine
2.Simply Stated (low floor)
3.Multiple Solutions (high ceiling)
4.Teacher Enjoys Solving it!

Visual Patterns - https://www.visualpatterns.org/
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https://www.visualpatterns.org/


Mathematical Myths:
o Conceptual understanding should be mastered immediately.

o Procedural fluency should follow a scheduled time frame.

This is simply not how mathematical development works!
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The Purpose of Mathematics Education:

CONCEPTUAL UNDERSTANDING PROCEDURAL FLUENCY
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I am going to ask you a serious question.
Ready?

Please be honest.

Have you, in the last month, not inside a school, but out in 
the public…

Been asked to do a long division problem by hand?
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What do we know about Long Division? 
(Asking for a friend)!
Notice the question…what do we “know” – we all know 
something!

Rather than “What is Long Division” – seems like we would 
hear crickets with this question.

MINDY ADAIR, PH.D. 44



What do we know about Long Division? 
(Asking for a friend)!
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What is Long Division? 
Long Division is an algorithm, series of steps, that 
allows us to break a large number into smaller 
groups of equal size.

What does 579 divided by 4 mean?
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Long Division – 7th Grade Lesson 
1. We have stuff.

2. We want to put that stuff into groups.

MINDY ADAIR, PH.D. 47



Long Division – 7th Grade Lesson 
1. We have stuff.

2. We want to put that stuff into groups.
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What are the questions we need to ask?

How much stuff do we have?
How many groups do we want?
Should the groups be equal in size?



“Drill and Kill” VS Deep Mathematical Thinking
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We typically start with the procedural:
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We typically start with the procedural:
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“Drill and Kill” VS Deep Mathematical Thinking

ONE TAKE AWAY – I BEG YOU!
Less Problems 

More Space

PLEASE!
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Conceptually:
We have stuff, we want groups.
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Conceptually:
Mathigon can help students to work through this 
problem as a task.

Go to: Mathigon.org

Polypad > Tiles > Numbers > Additional Tools > Place Value Chart
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Conceptually:
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Conceptually:
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Notice the word choice!
Not “Borrow”!



Conceptually:

MINDY ADAIR, PH.D. 57



Conceptually:
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Class Activity #1 – Dice Roll Division
1. Get 20 tokens.
2. Get one Dice (number cube).
3. Roll the Dice - that is the number of groups you want.
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Class Activity – Dice Roll Division

Divide 20 into how many groups?
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So…
the purpose 
is to…what 
again?
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We hope our students become 
“Mathematically Proficient”
Five Strands:
1. Conceptual Understanding – comprehension of 

mathematical concepts, operations, and relations
2. Procedural Fluency – skill in carrying out procedures flexibly, 

accurately, efficiently, and appropriately
3. Strategic Competence – ability to formulate, represent, and 

solve mathematical problems
4. Adaptive Reasoning – capacity for logical thought, 

reflection, explanation, and justification
5. Productive Disposition – habitual inclination to see maths as 

sensible, useful, and worthwhile with a belief in oneself
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Douglas Clements and Julie Sarama (2021). Learning and Teaching Early Math: The 
Learning Trajectories Approach (Third ed.) (p 11).



Challenges that our students face…
§ “Executive Functioning – the mental abilities we use to manage and 
regulate our behaviors; EF is essential for planning, organizing, 
strategizing, paying attention to and remembering details, and 
managing time and space.” 

§ “Working Memory – governs our ability to retrain and manipulate 
distinct pieces of information over short periods of time.”

§ “Mental Flexibility – helps us to sustain or shift attention to 
different demands or to apply different rules in different settings.”

§ “Self-Control – enables us to set priorities and resist impulsive 
actions or responses.” – Center on the Developing Child 2004

Jane Emerson, P. B. (2015). Understanding Dyscalculia and Numeracy Difficulties: A Guide for Parents, Teachers and Other 
Professionals (First ed.) (p 30).
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What we used to use…no longer works!
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What we used to use…no longer works!
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Are we open to student thinking?
Or do we have one answer in mind?
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Are we open to student thinking?
Or do we have one answer in mind?
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My nephew…and a story…
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My nephew…and a story…
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School Year 2020 - 2021
9th Grade

Failing Algebra I – as in an F.

Tons of tutoring, hours of support.

Earned and A- (90%) on a test.

Earned an 83% on the final exam!

School Year 2021 – 2022:
Geometry. Problems for sure!



That was then…
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This is now…
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Task #4: 
What do you notice? What do you wonder?
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Class Activity #2 – Tallest Tower
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10 Index Cards and one unopened post-it-notes

The Goal: Make the tallest free-standing tower.



Class Activity – Tallest Tower
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Who counts in maths education?
@profnicolej
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Who counts in the world around us?
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Task #5: A Tape Measure and a Bolt…
Disappointing – or – Cool?
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Task #5 – A Tape Measure and a Bolt…
Cool!!
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How Many? How would you count?
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What do you Notice? Wonder?
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#4, #6, #8, #10 is an 
Arithmetic Sequence

Fractions – Comparison 
and Finding LCD, 
Equivalent Fractions with 
Mathigon.org



We hope our students become 
“Mathematically Proficient”
Five Strands:
1. Conceptual Understanding – comprehension of 

mathematical concepts, operations, and relations
2. Procedural Fluency – skill in carrying out procedures flexibly, 

accurately, efficiently, and appropriately
3. Strategic Competence – ability to formulate, represent, and 

solve mathematical problems
4. Adaptive Reasoning – capacity for logical thought, 

reflection, explanation, and justification
5. Productive Disposition – habitual inclination to see maths as 

sensible, useful, and worthwhile with a belief in oneself
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Learning Trajectories Approach (Third ed.) (p 11).



Class Activity #3 – Open Middle
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https://www.openmiddle.com/



Class Activity #3 – Open Middle
Recall:
Difference of Squares 
Sums of Cubes

https://www.openmiddle.com/
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Class Activity #3 – Open Middle
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Check:



TASKS
Low Flow High Ceiling (LFHC)

• Fawn Nguyen’s Visual Patterns -
https://www.visualpatterns.org/

• Between Two Numbers -
https://www.between2numbers.co
m/

• Chewable Math -
https://www.chewablemath.com/

• Mary Bourassa’s Which One 
Doesn’t Belong - https://wodb.ca/
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https://www.chewablemath.com/
https://wodb.ca/


Dailey Sets - https://www.setgame.com/set/puzzle
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TECHNOLOGY
Tech Resources:

• Mathematical Playground –
Mathigon -
https://mathigon.org/

• Desmos – Free Graphing 
Calculator and Activities -
https://www.desmos.com/

• You Cubed -
https://www.youcubed.org/
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https://mathigon.org/
https://www.desmos.com/
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Activities and Puzzles – can expand thinking!
Thinking about our 2E 
students…how we can 
challenge them…
How many squares on a 
checkerboard?
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TWITTER
Mathematics Educators

• Fawn Nguyen @fawnpnguyen
• Howie Hua @howie_hua
• Robert Kaplinsky 

@robertkaplinsky
• Dan Meyer @ddmeyer
• Sunil Singh @Mathgarden
• Christopher Danielson 

@Trianglemancsd
• Dr. Nicole Joseph @profnicolej
• Douglas H. Clements 

@DHClements
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Warm Up:
The answer is…2023.

C. How can you use the set of numbers from 1 to 10 
and mathematical operations to get 2023?
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NCTM – Play the 2023 Year Game!
https://www.nctm.org/Classroom-Resources/Year-Game/The-Year-Game/
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https://www.nctm.org/Classroom-Resources/Year-Game/The-Year-Game/


PD: Math on the Planes!
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WHAT ABOUT MATHS?

Sponsored by the 
Colorado Department of 
Education!

April 11, 2023
Elementary Free Webinar 
(45 minutes)

April 12, 2023
Secondary Free Webinar
(45 minutes)
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Session Handout
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Closing
Fill in the blank:

Mathematical 
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Closing
§ Mathematical Knowledge
§ Mathematical Content
§ Mathematical Skills
§ Mathematical Goals
§ Mathematical Speed
§ Mathematical Identity
§ Mathematical Prowess
§ Mathematical Confidence

§ Mathematical Trajectory
§ Mathematical Performance
§ Mathematical Anxiety
§ Mathematical Confusion
§ Mathematical Distain
§ Mathematical Grades
§ Mathematical Disability
§ Mathematical Thinking

MINDY ADAIR, PH.D. 99



Presentation Handout 
and Slides - PDFs at: 

https://www.mathsforalldradair.org/

Thank you! Questions?

Mindy Adair, Ph.D.
Director of Mathematics - Denver Academy

madair@denveracademy.org    @AdairMindy 
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